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Abstrat
Starting from an anisotropi at osmologial model(Bianhi type I),
we show that onditions leading to isotropisation fall into 3 lasses, re-
spetively 1, 2 ,3. We look for neessary onditions suh that a Bianhi
type I model reahes a stable isotropi state due to the presene of several
massive salar elds minimally oupled to the metri with a perfet uid
for lass 1 isotropisation. The onditions are written in terms of some
funtions ℓ of the salar elds. Two types of theories are studied. The
rst one deals with salar tensor theories resulting from extra-dimensions
ompatiation, where the Brans-Dike oupling funtions only depend
on their assoiated salar elds. The seond one is related to the presene
of omplex salar elds. We give the metri and potential asymptotial
behaviours originating from lass 1 isotropisation. The results depend on
the domination of the salar eld potential ompared to the perfet uid
energy density. We give expliit examples showing that some hybrid ina-
tion theories do not lead to isotropy ontrary to some high-order theories,
whereas the most ommon forms of omplex salar elds undergo a lass
3 isotropisation, haraterised by strong osillations of the ℓ funtions.
1 Introdution
If General Relativity is the best available theory desribing our loal Universe, it
has reently beome lear [1℄ that the modest amount of matter in the Universe
(30% of the total energy density) is omplemented by a large amount of exoti
energy (70%). This exoti energy implies that the Universe is approximately
spatially at, and that its expansion is aelerating. To aount for suh a
dynamis, several proposals exist whih extend General Relativity to inlude
higher order theories[2, 3℄, dissipative uids[4, 5℄ or massive salar elds. We
are going to onsider this last type of energy ontent.
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Although most of papers only take into aount one single salar eld, there
are many reasons to onsider the presene of several ones. Indeed, partile
physis predits high-order theories of gravity with extra-dimensions, whih an
be ast into an Einstein form in a 4-spaetime with several salar elds by
help of onformal transformations[6, 7, 8℄. In supersymmetry, the adjuntion
of several salar elds ahieves equality between bosoni and fermioni degrees.
Other reasons may be related to various inationary mehanisms suh as hybrid
ination, whih needs two salar elds[9, 10℄: a rst one, ψ, dereases to a loal
minimum orresponding to a false vauum. Then the vauum energy dominates
and early time ination begins. During this time, a seond salar eld φ varies
and when it reahes a threshold value φc, a fast variation of ψ arises. The two
elds t toward some values orresponding to a true vauum and the end of
ination. A last reason ould be the presene of omplex salar elds. A salar
tensor theory with one omplex salar eld ζ an be ast into another one with
two real salar elds, ψ and φ, by help of the transformation ζ = 1√
2m
ψeimφ.
From a geometrial point of view, the standard osmologial model lies on
the assumption that the Universe is perfetly isotropi, homogeneous and thus
desribed by the FLRW metris. However, they are very partiular ones among
the set of all possible metris and we have to understand why our Universe may
be desribed by them. One answer is to assume that it was not so symmetri
at the beginning of time and that it quikly evolved to an isotropi and ho-
mogeneous state, as indiated by CMB observations. Moreover the singularity
approah in FLRW models is far from being generi. Hene, it seems more natu-
ral to onsider that the Universe was born with a more general geometry and has
evolved toward a FLRW one. One possibility is to leave the isotropy hypothesis,
keeping only homogeneity. Anisotropi models are desribed by the nine Bianhi
models and allow studying how the Universe may tend to isotropy. Their be-
haviour near the singularity ould be shared by inhomogeneous models[11, 12℄
and one of them admits the at FLRW model solution onsistent with reent
CMB observations[13℄: the at Bianhi type I model.
The goal of this paper is to look for neessary onditions allowing for Bianhi
type I model isotropisation when two minimally oupled and massive salar
elds with a perfet uid are onsidered, and to study the asymptoti dynamis
of the metri and potential in the neighbourhood of this state. From a tehnial
point of view, we will use Hamiltonian ADM formalism giving the eld equations
as a rst order dierential system. We will rewrite it with normalised variables
and look for equilibrium stable states orresponding to isotropi ones for the
Universe[14℄. Similar tehniques have been used in presene of one single mini-
mally oupled and massive salar eld[15℄ and with a perfet uid[16℄. For both
ases, isotropi equilibrium points have been found orresponding to power or
exponential law expansion for the metri funtions. Here, we will also examine
the stability of these results and Wald's osmologial "No Hair" theorem with
respet to the presene of additional salar elds. Intuitively, one ould think
that nothing should hange and that the generalisation implying several salar
elds should be straightforward. However, we will see that it is not always the
ase and depends on the form of the salar-tensor theory with respet to these
elds.
The paper is organized as follows. In setion 2 we derive the Hamiltonian
equations and rewrite them with normalized variables. In setion 3, we explain
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the assumptions we will use to study these equations. In setion 4 we determine
the equilibrium points, the monotoni funtions and the asymptoti behaviour
of the metri near equilibrium. We summarize and disuss our results in setion
5. In setion 6, some expliit appliations are performed and we onlude in
setion 7.
2 Field equations
In this setion we alulate the eld equations. The metri of the Bianhi type
I model is:
ds2 = −(N2 −NiN i)dΩ2 + 2NidΩωi +R20gijωiωj (1)
where the ωi are the 1-forms dening the homogeneous Bianhi type I model.
The gij are the metri funtions, N and Ni respetively the lapse and shift
funtions. The relation between the proper time t and the time Ω is dt2 = (N2−
NiN
i)dΩ2. In what follows we rewrite the metri funtions as gij = e
−2Ω+2βij
and use the Misner parameterisation[17℄ dened as:
βij = diag(β+ +
√
3β−, β+ −
√
3β−,−2β+) (2)
pik = 2ππ
i
k − 2/3πδikπll (3)
6pij = diag(p+ +
√
3p−, p+ −
√
3p−,−2p+) (4)
the pij being the onjugate momenta of βij . Hene the metri is ast into:
ds2 = −(N2 −NiN i)dΩ2 + 2NidΩωi +R20e−2Ω+2βijωiωj (5)
The most general form for the ation is:
S = (16π)−1
∫
[R− (3/2 + ω)φ,µφ,µφ−2 − (3/2 + µ)ψ,µψ,µψ−2 − U
+16πc4Lm℄
√−gd4x (6)
where a prime denotes ordinary derivation. φ and ψ are two salar elds and
their Brans-Dike oupling funtions with the metri are ω(φ, ψ) and µ(φ, ψ).
U(φ, ψ) is the potential and Lm the Lagrangian of a perfet uid with an equa-
tion of state p = (γ − 1)ρ. We will onsider the interval γ ∈ [1, 2] in whih
γ = 1 stands for a dust uid, γ = 4/3 for a radiative uid. Vauum energy
orresponds to γ = 0 and is equivalent to the presene of a osmologial on-
stant whih we will study. Dening the 3-volume V by V = e−3Ω and using the
energy impulsion onservation law for the perfet uid, T 0α;α = 0, we get for its
energy density ρ = V −γ .
Hamiltonian ADM formalism[18, 19℄ needs to rewrite the ation under the fol-
lowing form:
S = (16π)−1
∫
(πij
∂gij
∂t
+ πφ
∂φ
∂t
+ πψ
∂ψ
∂t
−NC0 −NiCi)d4x (7)
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πij , πφ and πψ are respetively the metri funtions and salar elds onjugate
momenta. In the ation (7), N and Ni play the role of Lagrange multipli-
ers and C0 and Ci are respetively the superhamiltonian and supermomenta.
Considering (6) and (7), we dedue that:
C0 = −
√
(3)g
(3)
R− 1√
(3)g
(
1
2
(πkk )
2 − πijπij) + 1
2
√
(3)g
(
π2φφ
2
3 + 2ω
+
π2ψψ
2
3 + 2µ
) +
√
(3)gU +
1√
(3)g
δe3(γ−2)Ω
24π2
(8)
Ci = πij|j (9)
where | means ovariant derivative on a {t = const} surfae. The variation of
the ation with respet to Lagrange multipliers leads to the onstraints C0 = 0
and Ci = 0. Using Misner parameterisation and the above denition of gij ,
we redene the ation (7) as S =
∫
p+dβ+ + p−dβ− + pφdφ + pψdψ − HdΩ
with pφ = ππφ, pψ = ππψ and H = 2ππ
k
k , the ADM Hamiltonian. Then, the
onstraint C0 = 0, yields for H :
H2 = p2+ + p
2
− + 12
p2φφ
2
3 + 2ω
+ 12
p2ψψ
2
3 + 2µ
+ 24π2R60e
−6ΩU + δe3(γ−2)Ω (10)
From (10), we derive the Hamiltonian equations:
β˙± =
∂H
∂p±
=
p±
H
(11)
φ˙ =
∂H
∂pφ
=
12φ2pφ
(3 + 2ω)H
(12)
ψ˙ =
∂H
∂pψ
=
12ψ2pψ
(3 + 2µ)H
(13)
p˙± = − ∂H
∂β±
= 0 (14)
p˙φ = −∂H
∂φ
= −12 φp
2
φ
(3 + 2ω)H
+ 12
ωφφ
2p2φ
(3 + 2ω)2H
+ 12
µφψ
2p2ψ
(3 + 2µ)2H
−
12π2R60
e−6ΩUφ
H
(15)
p˙ψ = −∂H
∂ψ
= −12 ψp
2
ψ
(3 + 2µ)H
+ 12
ωψφ
2p2φ
(3 + 2ω)2H
+ 12
µψψ
2p2ψ
(3 + 2µ)2H
−
12π2R60
e−6ΩUψ
H
(16)
H˙ =
dH
dΩ
=
∂H
∂Ω
= −72π2R60
e−6ΩU
H
+ 3/2δ(γ − 2)e
3(γ−2)Ω
H
(17)
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The dot means time derivative with respet to Ω. We hoose the shift funtions
suh that N i = 0 and we nd that the lapse funtion is related to the metri
and the Hamiltonian by the relation ∂
√
g/∂Ω = −1/2πkkN [18℄. Thus, it omes:
N =
12πR30e
−3Ω
H
(18)
The relation between Ω and the proper time t is then dt = −NdΩ. We wish to
rewrite the Hamiltonian equations with normalised variables. The Hamiltonian
(10), whih also stands as a onstraint equation, leads to the following hoie:
x = H−1 (19)
y =
√
e−6ΩUH−1 (20)
z = pφφ(3 + 2ω)
−1/2H−1 (21)
w = pψψ(3 + 2µ)
−1/2H−1 (22)
It implies that U > 0, 3 + 2ω > 0 and 3 + 2µ > 0 so that the variables be real
and the weak energy ondition be satised. In addition, we dene a variable
depending on the above ones:
k2 = δe3(γ−2)ΩH−2 = δy2V −γU−1
Some of these variables may be physially interpreted. x is proportional to the
shear parameter Σ dened in [14℄ and k2 to the density parameter Ωm of the
perfet uid. We introdue them in the onstraint (10) and get:
p2x2 +R2y2 + 12z2 + 12w2 + k2 = 1 (23)
with p2 = p2+ + p
2
− and R
2 = 24π2R60. This equation shows that the new
variables (x, y, z, w) are normalised. Then, we rewrite the eld equations as:
x˙ = 3R2y2x− 3/2(γ − 2)k2x (24)
y˙ = y(6ℓφ1z + 6ℓψ1w + 3R
2y2 − 3)− 3/2(γ − 2)k2y (25)
z˙ = y2R2(3z − 1/2ℓφ1) + 12w(wℓφ2 − zℓψ2)− 3/2(γ − 2)k2z (26)
w˙ = y2R2(3w − 1/2ℓψ1) + 12z(zℓψ2 − wℓφ2)− 3/2(γ − 2)k2w (27)
where we have dened the folowing funtions of the salar elds φ and ψ
ℓφ1 = φUφU
−1(3 + 2ω)−1/2
ℓψ1 = ψUψU
−1(3 + 2µ)−1/2
ℓφ2 = φµφ(3 + 2µ)
−1(3 + 2ω)−1/2
ℓψ2 = ψωψ(3 + 2ω)
−1(3 + 2µ)−1/2
Remark that these equations are unhanged under the transformation x↔ −x
and/or y ↔ −y. Hene, we an limit our study to positive x or y. Moreover,
some rst degree equations for the salar elds (whih are not normalized) may
be written as:
φ˙ = 12z
φ√
3 + 2ω
(28)
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ψ˙ = 12w
ψ√
3 + 2µ
(29)
Hene, the nine Hamiltonian equations are rewritten with the six equations
(24-29). This redution in the number of equations omes from the fat that
equations (14) imply p± → consts and thus β+ ∝ β−. Hene, it stays 9-3=6
equations to solve.
3 Assumptions
In this setion we desribe the assumptions we will use to study the above equa-
tions system. They onern the dependene of the Brans-Dike funtions and
the potential with respet to the salar elds, the type of equilibrium isotropi
states we will onsider and how fast it is approahed by this system.
We will study the two following lasses of theories from the Bianhi type I
isotropisation viewpoint:
• For the rst one, ω and µ will respetively depend on φ and ψ only,
i.e. ℓφ2 = ℓψ2 = 0 whereas U will depend on both salar elds. It
means that the oupling between them only appears via the potential. As
pointed in the introdution this type of theories may be obtained when
one studies the hybrid ination[9℄ or as the outome of extra-dimensions
ompatiation[7℄. The theories of [9℄ and [7℄ are ommented and studied
from the isotropisation point of view in respetively the setions 6.1 and
6.2.
• For the seond one, U and µ will depend on ψ only whereas ω will ontain
both salar elds. Then, we will have ℓφ1 = ℓφ2 = 0. This type of theories
is obtained when one asts a Lagrangian with one omplex salar eld
into another one with two real salar elds. Complex salar elds have
been studied in [20℄ where the salar elds quantization is onsidered, in
[21℄ to study the formation of topologial defets and in [22℄ for the Bose-
Einstein ondensate. We have analysed eah theory of these papers from
the isotropisation point of view in respetively the setions 6.3, 6.4 and
6.5.
Looking at the eld equations, we have identied three types of isotropi equi-
librium states (all haraterised by x → 0 when Ω → −∞ as we will show it
below) that we have lassied into three isotropisation lasses:
1. Class 1 is suh as all the variables but not neessarily the salar elds reah
equilibrium with y 6= 0. Mathematially, it is the only one whih allows to
fully determine the asymptotial behaviours of the metri funtions and
potential in the viinity of the isotropy.
2. Class 2 is suh as all the variables but not neessarily the salar elds
reah equilibrium with y = 0. It is generally not possible to determine the
asymptotial state of the system near isotropy beause of y vanishing. If
it is tehnially possible, the study of the general properties of this lass
will be the subjet of future work.
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3. Class 3 is suh as at least x± reah equilibrium but not neessarily the
other variables. If one of them behaves in this way, sine it has to be
bounded as Ω→ −∞, it would mean that it should be osillating but not
damped and then its rst derivatives should osillate around 0. It an
never happen if one of the ℓ diverges monotonially or with suiently
small osillations sine then, at least two of the derivatives y˙, z˙ or w˙
will keep the same sign and thus will not be osillating. It does not
arise if the ℓ tend to some onstants whih is onrmed by numerial
simulations. However, a partial equilibrium may our for suiently
osillating ℓ whih then allow an osillation of the sign of the (y, z, w) rst
derivatives although x± tend to zero.
In this paper we will only study the rst type of isotropi equilibrium state for
the following reasons. Mathematially it is the only one allowing to determine
ompletely the asymptotial behaviours of the metri funtions and potential
in the viinity of the isotropy. Physially, near the isotropi state, either one of
the salar elds energy densities will be negligible with respet to the other or
they will both behave in the same way. Let us assume without loss of generality
that near the isotropi state the dominant salar eld energy density be the one
of φ. y is then proportional to (pφ − ρφ)/Hubble2 where Hubble is the Hubble
funtion. Dening the salar eld parameter as Ωφ ∝ ρφ/Hubble2, the lass 2 is
thus suh as Ωφ → 0 or pφ → ρφ whereas the lass 3 should be suh as Ωφ does
not reah equilibrium. The lass 1 is thus the only one suh as asymptotially
Ωφ tends to a non vanishing onstant. WMAP observations[23℄ indeed shows
that today Ωφ = 0.73 and pφ/ρφ < −0.78.
As a last assumption, we will suppose that the Universe approahes suf-
iently fastly its isotropi state. This is a reasonable assumption sine
the Universe was already very isotropi at the CMB time and it will allow us
to reover lassial behaviours for the metri funtions in the viinity of the
isotropi state, suh as power and exponential laws of the proper time. All the
asymptotial behaviours we will determine will be onerned by this assump-
tion. Mathematially, it means that on one hand a funtion f of the salar
elds and on the other hand the variables (y, z, w, k) will have to tend su-
iently fastly to their equilibrium values suh as their variations in the viinity
of the equilibrium may be negleted.
The form of the funtion f(φ, ψ) will be related on the presene or not of a
perfet uid and the dependene of the Brans-Dike oupling funtions and
potential with respet to the salar eld. If in the neighbourhood of the equi-
librium, f tends to a onstant equilibrium value f0, vanishing or not and suh
as f → f0 + δf with δf << f0, we will assume that
∫
fdΩ → f0Ω + f1, f1
being an integration onstant. It will be equal to the onstant f1 if f0 = 0. This
assumption ould be easily raised by keeping the integral but then our results
will not be on a losed form and not easily physially interpretable. However it
is mathematially feasible.
The same kind of assumptions will be made for the variables (y, z, w, k) with
respet to (δy, δz, δw, δk) but they an not be raised so easily. A perturba-
tive analysis would be probably neessary and ould depend on the partiular
form of the Brans-Dike funtions and potential with respet to the salar elds
whereas we wish to keep these funtions undetermined.
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The above assumptions are illustrated by an example in setion 4.1.1 in the part
"Asymptoti behaviours". In the setion 6 where we will apply our results to
some salar-tensor theories, they will be systematially heked.
We will examine eah of the above dened lasses of salar tensor theories,
rstly without a perfet uid (k = 0 stritly) and seondly with it (k 6= 0 or
k → 0). Equations (28-29) will serve to establish the salar elds asymptoti
behaviours.
4 Study of the equilibrium states
We are going to look for the equilibrium points representing an asymptotially
isotropi Universe for the two lasses of salar tensor theories dened respe-
tively by ℓφ2 = ℓψ2 = 0 and ℓφ1 = ℓφ2 = 0 and suh as all the variables (x, y, z, w)
reah equilibrium with y 6= 0.
In their famous paper [24℄, Collins and Hawking dened the isotropy as Ω →
−∞, in the following way
• Let Tαβ be the energy-momemtum tensor: T 00 > 0 and T 0iT 00 → 0
T 0i
T 00 represents a mean veloity of the matter ompared to surfaes of
homogeneity. If this quantity did not tend to zero, the Universe would
not appear homogeneous and isotropi.
• Let be σij = (deβ/dt)k(i(e−β)j)k and σ2 = σijσij : σdΩ/dt → 0, i.e. the
shear parameter, proportional to x variables disappears. This ondition
says that the anisotropy measured loally through the Hubble parameter
H0 tends to zero.
• β tends to a onstant β0
This ondition is justied by the fat that the anisotropy measured in
the CMB is to some extent a measurement of the hange of the matrix β
between time when radiation was emitted and time when it was observed.
If β did not tend to a onstant, one would expet large quantities of
anisotropies in some diretions.
Hene, in our alulations, we will look for the equilibrium states respeting
the seond point, i.e. isotropisation ours when x → 0 as Ω → −∞. It is
thus a stable state arising for a diverging value of t. These two limits do not
depend on eah other and their onsisteny will have to be heked. We will
see that the third point will be always respeted sine β± will always disappear
exponentially. The rst point is also respeted sine we onsider a diagonal
tensor Tαβ and positive energy densities for the perfet uid and salar eld.
The system of rst order equations (24-27) is not totally autonomous sine ℓφ1 ,
ℓφ2 , ℓψ1 and ℓψ2 are some funtions of φ and ψ. To make it fully autonomous,
we have to onsider the two additional rst order equations (28-29) for φ and ψ.
Sine the salar elds do not appear in the onstraint, they do not need to be
bounded whatever the isotropisation lass. Hene, looking for stable isotropi
states for lass 1 isotropisation only onsists in nding the values of (x, y, z, w)
depending on the salar elds suh as (x˙, y˙, z˙, w˙) = (0, 0, 0, 0). The equilibrium
values of z and w will be introdued in equations (28) and (29) to respetively
get φ and ψ asymptoti behaviours.
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4.1 Without a perfet uid
4.1.1 ℓφ2 = ℓψ2 = 0
In this subsetion and the following ones, we rst look for equilibrium points
orresponding to isotropi stable states, i.e. suh as x = 0. Then we searh for
monotoni funtions and nally alulate the asymptoti behaviours of some
important quantities in the neighbourhood of these points.
Calulus of the equilibrium points.
We nd two equilibrium points:
(x, y, z, w) = (0,±(3− ℓ2φ1 − ℓ2ψ1)1/2(
√
3R)−1, ℓφ1/6, ℓψ1/6) (30)
and a set of points dened by y = 0. The two rst ones respet the onstraint
and are real if ℓ2φ1 + ℓ
2
ψ1
tends to a onstant smaller than 3. Both ℓφ1 and ℓψ1
have to tend to a onstant suh as z˙ and w˙ vanish. We will show below that they
are in agreement with a negatively diverging value of Ω. We do not look after
the set of points dened by y = 0 sine it onerns the lass 2 isotropisation
whih we will not study in this work.
Monotoni funtions.
By examining equation (24), we dedue that x is a monotoni funtion of Ω:
if x < 0 (x > 0) initially, it will keep the same sign and will be dereasing
(inreasing). Thus, if initially the Hamiltonian is positive, from the denition
(18) of the lapse funtion N and the relation between the proper time t and Ω,
we derive that Ω → −∞ orresponds to late times epoh. In the same way, if
initially z < ℓφ1/6 (z > ℓφ1/6), z will be monotonially dereasing(inreasing).
The same onlusion arises for w related on the value ℓψ1/6.
As in the ase of a single salar eld[15℄, x being monotoni and with a onstant
sign, we are able to show that the metri funtions may have one extremum at
most. Indeed, their derivatives write as dgij/dt = −2N−1e−2Ω+2βij (β˙ij−1) and
β˙ij is a linear ombination of β˙± whih depends on the monotoni funtion x.
Consequently, there exists only one value for x suh as dgij/dt vanishes. In a
general way, if we onsider the two Brans-Dike oupling funtions as depending
on both salar elds φ and ψ (i.e. ℓi 6= 0 whatever i = φ1, φ2, ψ1, ψ2), z and w
are not neessarily monotoni but it is always the ase for x. Thus, whatever
the dependene of ω, µ and U on φ and ψ, the metri funtions will always have
one extremum at most.
All these elements show that there is no periodi or homolini orbit in the
phase spae (x, y, z, w).
Asymptoti behaviours
As explained in the setion 3, we dene the funtion f = ℓ2φ1 + ℓ
2
ψ1
suh as
when Ω → −∞, we assume that ∫ fdΩ → (ℓ2φ1 + ℓ2ψ1)Ω + f1. Then, when
Ω diverges and after having replaed y by its equilibrium value negleting
its variation δy in the viinity of the equilibrium, we dedue from (24) that
x→ x0e
∫
(3−ℓ2φ1−ℓ
2
ψ1
)dΩ → x0e(3−ℓ
2
φ1
−ℓ2ψ1)Ω
. It shows that the equilibrium points
reality ondition is in agreement with the vanishing of x when Ω→ −∞. Intro-
duing this asymptoti expression for x in the lapse funtion (18), it is possible
to alulate the asymptoti form of e−Ω as a funtion of the proper time t, i.e.
9
the metri funtions attrator. Its loal or global nature an not be determined
unless we speify ω, µ or U . When ℓ2φ1 + ℓ
2
ψ1
tends to a non vanishing onstant,
e−Ω → t(ℓ2φ1+ℓ2ψ1)−1 . When it vanishes, e−Ω tends to an exponential of t. We also
evaluate the asymptoti forms of φ and ψ by rewriting the equations (28) and
(29) near the equilibrium. We get two dierential equations whose asymptoti
solutions take the same forms as those of φ and ψ when Ω→ −∞:
φ˙ =
2φ2Uφ
(3 + 2ω)U
(31)
ψ˙ =
2ψ2Uψ
(3 + 2µ)U
(32)
Sine U˙ = Uφφ˙ + Uψψ˙ and applying our assumption on f , we determine that
near equilibrium:
U ∝ exp [2(ℓ2φ1 + ℓ2ψ1)Ω
]
(33)
This shows that if ℓ2φ1 +ℓ
2
ψ1
tends to a non vanishing onstant, U asymptotially
vanishes as t−2. If it vanishes, the potential tends to some onstant. Note that
the speial ase for whih ℓ2φ1 + ℓ
2
ψ1
→ 3 implies y → 0 and thus belongs to lass
2 isotropisation whih will not be studied in this work. Approah of equilibrium
is represented by a phase portrait diagram on gure 1.
4.1.2 ℓφ1 = ℓφ2 = 0
We proeed as in the previous subsetion.
Calulus of the equilibrium points.
We nd the following equilibrium points, E1 and E2, whih might orrespond
to some isotropi stable states:
E1 = (0,±(1− ℓ2ψ1/3)1/2R−1, 0, ℓψ1/6)
E2 = (0,±
[
2ℓψ2(ℓψ1 + 2ℓψ2)
−1]1/2R−1,
±(ℓ2ψ1 + 2ℓψ1ℓψ2 − 3)1/2
[
2
√
3(ℓψ1 + 2ℓψ2)
]−1
,
(2ℓψ1 + 4ℓψ2)
−1)
They both hek the onstraint equation. The rst one will be real and bounded
if ℓ2ψ1 ≤ 3 and tends to a onstant. The seond one needs that ℓψ2(ℓψ1 +2ℓψ2)−1
tends to a positive onstant, ℓψ1(ℓψ1 + 2ℓψ2) ≥ 3 and ℓψ1 + 2ℓψ2 6= 0. Remark
that for E2, ℓψ1 and ℓψ2 may be unbounded. A third set of equilibrium points
is (y, z) = (0, 0) but we disard it for the same reasons as in the previous sub-
setion.
Monotoni funtions.
As written in subsetion 4.1.1, x is a monotoni funtion of Ω and Ω(t) a mono-
toni funtion of the proper time whose limit Ω → −∞ orresponds to late
time epoh when the Hamiltonian is initially positive. If ℓψ2 > 0 (ℓψ2 < 0)
and w > ℓψ1/6 (w < ℓψ1/6), w is an inreasing (dereasing) funtion of Ω. If
10
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Figure 1: Case 1A - Equilibrium point approah when no perfet uid is present
and (Lφ1 , Lφ2 , Lψ1 , Lψ2 , R, p) = (0.23, 0, 1.58, 0, 2, 1). The point is loated at
(x, y, z, w) = (0, 0.19, 0.04, 0.26).
moreover ℓψ1 > 0 (ℓψ1 < 0), w is positive (negative) and keeps a onstant sign.
Asymptoti behaviour in the neighbourhood of E1
Here we dene f = ℓ2ψ1 and write that in Ω → −∞,
∫
ℓ2ψ1dΩ → ℓ2ψ1Ω + f1.
Then, from (26) we get:
z → e(3−ℓ2ψ1)Ω−2
∫
ℓψ1ℓψ2dΩ
(34)
Indeed ℓψ1 must tend to a onstant but ℓψ2 may diverge. It is why an in-
tegral of ℓψ2 appears in this last expression. It shows that we must have
(3− ℓ2ψ1)Ω− 2
∫
ℓψ1ℓψ2dΩ→ −∞ when Ω→ −∞ suh as z vanishes. Moreover,
onsidering equation (27) where a z2ℓψ2 term is present, we dedue that z has
to vanish suiently fast to allow w equilibrium, i.e. z2ℓψ2 → 0. When the
ondition for z vanishing is respeted, z˙z = (3 − ℓ2ψ1)z2 − 2ℓψ1ℓψ2z2 → 0 and
we dedue that z2ℓψ2 → 0 is always true as long as (obviously) ℓψ2 does not
diverge or/and ℓψ1 does not vanish. Otherwise, nothing an be dedued from
z˙z vanishing.
The variable x behaves as x0e
(3−ℓ2ψ1)Ω
and vanishes as Ω → −∞ when real-
ity ondition for the equilibrium points is respeted. As previously, using the
expression for the lapse funtion and the relation dt = −NdΩ, we get e−Ω as
11
a funtion of the proper time near isotropy. If ℓψ1 tends to a non vanishing
onstant, e−Ω tends to tℓ
−2
ψ1
. If ℓψ1 vanishes, e
−Ω
tends to an exponential of the
proper time. In the same way as in subsetion 4.1.1, we alulate the dierential
equations whose solutions asymptotially orrespond to the forms of φ and ψ
when Ω→ −∞:
φ˙ = 12φ(3 + 2ω)−1/2e(3−ℓ
2
ψ1
)Ω−2
∫
ℓψ1ℓψ2dΩ
(35)
ψ˙ =
2ψ2Uψ
(3 + 2µ)U
(36)
Sine U˙ = Uψψ˙, it omes that:
U ∝ e2ℓ2ψ1Ω (37)
Thus, the potential behaves as t−2 when ℓ2ψ1 tends to a non vanishing onstant
or as a onstant when ℓ2ψ1 tends to zero. Again if ℓ
2
ψ1
→ 3, y vanishes and thus
isotropisation is of lass 2. We thus exlude this value from our study.
Asymptoti behaviour in the neighbourhood of E2
We dene f = ℓψ1(ℓψ1 + 2ℓψ2)
−1
and write that in Ω → −∞, ∫ ℓψ1(ℓψ1 +
2ℓψ2)
−1dΩ→ ℓψ1(ℓψ1 +2ℓψ2)−1Ω+ f1. With this assumption we alulate that
near E2, x behaves as x0e
3[2ℓψ2(ℓψ1+2ℓψ2)
−1]Ω
. Sine 2ℓψ2(ℓψ1 +2ℓψ2)
−1
tends to
a positive onstant, it thus vanishes as Ω→ −∞. Using the expression (18) for
the lapse funtion, we alulate that when the quantity 1−2ℓψ2(ℓψ1 +2ℓψ2)−1 =
ℓψ1(ℓψ1 +2ℓψ2)
−1
tends to a non vanishing onstant, e−Ω → t(ℓψ1+2ℓψ2)(3ℓψ1)−1 .
From reality ondition for the point E2, we dedue that this power of t is
positive. Hene, this last expression is inreasing when the proper time t di-
verges in aordane with the growth of e−Ω when Ω → −∞. If the quantity
ℓψ1(ℓψ1 + 2ℓψ2)
−1
vanishes, the metri funtions tend to an exponential of the
proper time. From (12) and (13) we derive the dierential equations allowing φ
and ψ to get asymptoti forms:
φ˙ = −2
√
3
φ
ψ
√
−3U2(3 + 2µ)(3 + 2ω) + ψ2Uψ [U(3 + 2ω)]ψ
[U(3 + 2ω)]ψ
(38)
ψ˙ =
6U(3 + 2ω)
[U(3 + 2ω)]ψ
(39)
This last equation easily integrates to give U(3 + 2ω) = e6(Ω−Ω0), Ω0 being
an integration onstant. Sine we have U˙ = Uψψ˙, we dedue from (39) that
U = e6ℓψ1(ℓψ1+2ℓψ2)
−1Ω
. Consequently, when ℓψ1(ℓψ1 + 2ℓψ2)
−1
tends to a non
vanishing onstant, the potential vanishes as t−2. If it vanishes, the potential
tends to a non vanishing onstant.
Approahes of both equilibrium points are represented by phase portrait dia-
grams on gures 2 and 3.
4.2 With a perfet uid
There are two types of equilibrium points when we take into aount a perfet
uid depending if k, or equivalently the density parameter of the perfet uid,
12
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Figure 2: Case 2A - First equilibrium point approah when no perfet uid is
present and (Lφ1 , Lφ2 , Lψ1 , Lψ2 , R, p) = (0, 0, 0.53, 1, 2, 1). The point is loated
at (x, y, z, w) = (0, 0.47, 0, 0.09).
tends to a non vanishing or vanishing onstant. The rst type is studied in the
two next subsetions and the seond one in the third subsetion.
4.2.1 ℓφ2 = ℓψ2 = 0
Calulus of the equilibrium points.
In the annexe 2, we look for the zeros of (24-27) and introdue them in the
onstraint to determine k. The only ones in agreement with isotropy are:
E4,5 = (0,±1/2
√
3R−1
[
γ(2− γ)(ℓ2φ1 + ℓ2ψ1)−1
]1/2
, 1/4γℓφ1(ℓ
2
φ1 + ℓ
2
ψ1)
−1,
1/4γℓψ1(ℓ
2
φ1 + ℓ
2
ψ1)
−1)
with k2 → 1 − 3γ
2(ℓ2
φ1
+ℓ2
ψ1
)
that is real and non vanishing if ℓ2φ1 + ℓ
2
ψ1 > 3/2γ.
We will show in this subsetion that k tends to non vanishing onstant and it
is why we exlude the speial value ℓ2φ1 + ℓ
2
ψ1 → 3/2γ. Sine we study the lass
1 isotropisation, y is non vanishing and then ℓ2φ1 + ℓ
2
ψ1 an not diverge. Hene,
from the forms of E4,5 points, we dedue that respetively the sum ℓ
2
φ1 + ℓ
2
ψ1
13
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Figure 3: Case 2A - Seond equilibrium point approah when no perfet uid
is present and (Lφ1 , Lφ2 , Lψ1, Lψ2 , R, p) = (0, 0, 4, 1, 2, 1). Let us note how this
approah is dierent from the rst equilibrium point. x and y undergo damped
osillations when they approah their equilibrium values. The point is loated
at (x, y, z, w) = (0, 0.29, 0.22, 0.08).
and its individual omponents have to tend to some onstants.
Monotoni funtions
Equation (24) shows that x is a monotoni funtion with a onstant sign what-
ever the values of ℓφ2 , ℓψ2 , ℓφ1 and ℓψ1 . Consequently the lapse funtion also
has a onstant sign and Ω is a monotonially dereasing funtion of t if initially
H > 0, tending to −∞ for late times. If z > ℓφ1, z is a monotonially inreasing
funtion. However, nothing an be dedued when z < ℓφ1 beause of the perfet
uid presene. The same reasoning holds for w with respet to ℓψ1. Hene, it
seems that no periodi or homolini orbit exists.
Asymptoti behaviours
Here, there is no need to make any assumptions related to a funtion f as dened
in the subsetion 3. Using (28-29), the salar elds asymptoti behaviours are
dened by the asymptoti solutions of the following systems:
φ˙ = 3γ
(3 + 2µ)φ2UUφ
(3 + 2µ)φ2U2φ + (3 + 2ω)ψ
2U2ψ
(40)
14
ψ˙ = 3γ
(3 + 2ω)φψUUψ
(3 + 2µ)φ2U2φ + (3 + 2ω)ψ
2U2ψ
(41)
Linearising (24) in the neighbourhood of E4,5, we nd that asymptotially x→
e−
3
2
(γ−2)Ω
and vanishes as Ω→ −∞ for the onsidered interval of γ. Then, from
the lapse funtion N , it omes that e−Ω → t 23γ . We dedue from y denition and
the fat that this variable does not vanish near equilibrium that U → t−2 ∝ V −γ .
In the same way we dedue from k denition, using the asymptoti expressions
for U(t) and Ω(t), that it tends to a non vanishing onstant. It is thus the same
for the density parameter Ωm of the perfet uid. Approah to equilibrium is
represented by the phase portrait diagram on gure 4.
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Figure 4: Case 1B - Equilibrium point approah when a perfet uid with
γ = 1 is present and (Lφ1 , Lφ2 , Lψ1 , Lψ2 , R, p, k) = (0.23, 0, 1.58, 0, 2, 1, 0.41).
The point is loated at (x, y, z, w) = (0, 0.27, 0.022, 0.15).
4.2.2 ℓφ1 = ℓφ2 = 0
Calulus of the equilibrium points.
We proeed as in the previous setion. The details for the equilibrium points
alulus are given in the annexe 2. We nd that the only ones orresponding to
an isotropi state are:
E2,3 = (0,±1/2R−1ℓ−1ψ1
√
3γ(2− γ), 0, 1/4γℓ−1ψ1) (42)
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with k2 → 1−3/2γℓ−2ψ1 and thus require ℓ2ψ1 > 3/2γ. We will show below that k
is non vanishing and it is why we exlude the value ℓ2ψ1 → 3/2γ. Moreover, sine
we onsider a lass 1 isotropisation, y an not tend to zero and ℓψ1 is bounded.
Hene, equilibrium is reahed only if ℓψ1 tends to a onstant suh as y˙ and z˙
vanish.
Monotoni funtions
As already noted in the previous setion, x is a monotoni funtion of Ω and has
a onstant sign. Consequently, Ω is a monotoni dereasing funtion of t if ini-
tially the Hamiltonian is positive and Ω→ −∞ orresponds to late times epohs.
Asymptoti behaviours
One again, there is no need to make any assumptions related to a funtion f as
dened in the subsetion 3. Surprisingly, equilibrium points E2,3 have the same
form as in the presene of a single salar eld ψ in [16℄. If we onsider a La-
grangian with a single omplex salar eld ζ and ast it into another Lagrangian
with 2 real salar elds φ and ψ, E2,3 would only depend on its amplitude ψ
and not on its phase φ.
Again, we nd that asymptotially x → e− 32 (γ−2)Ω and thus e−Ω → t 23γ in-
dependently on the salar elds behaviours. Hene onsidering the denition
of y, the potential vanishes as t−2 ∝ V −γ . As in the previous setion, one an
show using these asymptotial behaviours for the metri funtions and potential
that k tends to a non vanishing onstant. The dierential equation giving ψ in
Ω→ −∞ may be written:
ψ˙ = 3γ
U
Uψ
(43)
To determine a similar equation for φ, we need to know z asymptoti behaviour.
We nd z → e3
[
(1−γ/2)Ω−γ
∫
ℓψ2ℓ
−1
ψ1
dΩ
]
and it is thus vanishing when Ω → −∞
if (1− γ/2)Ω− γ ∫ ℓψ2ℓ−1ψ1dΩ→ −∞. Then, the dierential equation giving the
asymptoti form for φ is:
φ˙ = φ0
12φ√
3 + 2ω
e
3
[
(1−γ/2)Ω−γ
∫
ℓψ2ℓ
−1
ψ1
dΩ
]
(44)
φ0 being an integration onstant. As in the absene of a perfet uid, z has
to vanish suiently fast suh that w reahes equilibrium, i.e. we must have
z2ℓψ2 → 0. This ondition is always satised as long as the one allowing the
vanishing of z is respeted, sine we have then z˙z = 3(1−γ/2)z2−3γℓψ2ℓ−1ψ1z2 →
0 and ℓψ1 does not diverge. Approah to equilibrium is represented by the phase
portrait diagram on gure 5.
4.2.3 The ase k → 0
As shown above, the limit k → 0 disagrees with the isotropi equilibrium states
dened for the equilibrium points of subsetions 4.2.1-4.2.2. However, it is al-
ways possible to assume k → 0 in the eld equations and then to solve them.
We thus reover the equilibrium points obtained in the absene of a perfet
uid. The asymptoti behaviours of x and of the metri funtions are the same
as in setion 4.1. However, the onditions for isotropisation are modied sine
now k has to vanish asymptotially, thus representing an additional onstraint.
16
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Figure 5: Case 2B - Equilibrium point approah when a perfet uid is present
and (Lφ1 , Lφ2 , Lψ1 , Lψ2 , R, p, k) = (0, 0, 1.53, 0.23, 2, 1, 0.60). The point is lo-
ated at (x, y, z, w) = (0, 0.28, 0, 0.16).
To nd it, we rewrite k as δx2e(3γ−6)Ω. Then, in the ase ℓφ2 = ℓψ2 = 0
where x → e3−ℓ2φ1−ℓ2ψ1 , k will vanish only if ℓ2φ1 + ℓ2ψ1 < 3/2γ whih is onsis-
tent, although more restritive, with reality ondition of the equilibrium points
when no perfet uid is present sine γ ∈ [1, 2]. Hene, ℓ2φ1 + ℓ2ψ1 > 3/2γ is
a neessary ondition for isotropisation to our with k 6= 0 toward the equi-
librium points of subsetion 4.2.1, whereas ℓ2φ1 + ℓ
2
ψ1
< 3/2γ is a neessary
ondition for isotropisation to our with k → 0 toward the equilibrium points
of subsetion 4.1.1. The same reasoning may be followed onerning the ase
ℓφ1 = ℓφ2 = 0. For the E1 point, k vanishes only if ℓ
2
ψ1
< 3/2γ and for the E2
point, if 2ℓψ2(ℓψ1+2ℓψ2 )
−1 > 1− γ/2 with 1− γ/2 ∈ [0, 1/2].
Sine k = δy2U−1V −γ and we onsider the lass 1 isotropisation suh as y 6= 0,
k vanishing implies U >> V −γ and thus, in the Lagrangian eld equations, the
potential will dominate the perfet uid energy density term.
The results of this last subsetion are more aurate and extended than
those we had found in [16℄. In this last paper, we had onsidered dierent ases
depending on the behaviour of U with respet to V −γ and then dedued this
of k. In the present paper, the opposite reasoning is made and seems to give
17
better results. In partiular in [16℄, we had not deteted that onditions for
isotropisation were hanged when k → 0 with respet to the no perfet uid
ase.
4.3 Tehnial results summary
In this subsetion, we summarise our tehnial results. We got the hamiltonian
eld equations for a Bianhi type I Universe lled with a perfet uid and two
salar elds dened by ℓφ2 = ℓψ2 = 0 and ℓφ1 = ℓφ2 = 0. We rewrote them with
normalised variables and looked for the stable isotropi states dened suh as
the shear disappears when the Universe expands, i.e x→ 0 when Ω→ −∞. We
then found the equilibrium points summarising in table 1 and depending on the
asymptoti behaviour of k or equivalently the perfet uid density parameter
Ωm.
ℓφ2 = ℓψ2 = 0 ℓφ1 = ℓφ2 = 0
Ωm = 0 E1 = (0,
±(1−ℓ2ψ1/3)
1/2
R , 0,
ℓψ1
6 )
or (0,
±(3−ℓ2φ1−ℓ
2
ψ1
)1/2√
3R
,
ℓφ1
6 ,
ℓψ1
6 ) E2 = (0,±
[2ℓψ2 (ℓψ1+2ℓψ2 )
−1]1/2
R ,
Ωm → 0 ± (ℓ
2
ψ1
+2ℓψ1ℓψ2−3)1/2
2
√
3(ℓψ1+2ℓψ2)
, 1(2ℓψ1+4ℓψ2)
)
Ωm → const (0,± 1/2
√
3
R
[
γ(2− γ)(ℓ2φ1 + ℓ2ψ1)−1
]1/2
,
with
γℓφ1
4(ℓ2
φ1
+ℓ2
ψ1
)
,
γℓψ1
4(ℓ2
φ1
+ℓ2
ψ1
)
) (0,± 12Rℓψ1
√
3γ(2− γ), 0, γ4ℓψ1 )
const 6= 0
Table 1: The (x, y, z, w) equilibrium points representing stable isotropi states
for the Universe
We then found some asymptotial neessary onditions for isotropy depending
on inequality and limits written with respet to the funtions ℓ of the salar
elds. From the viewpoint of asymptotial behaviours, it omes asymptotially
that either the potential vanishes as t2 or tends to a onstant. In this last
ase, the Universe tends to a De Sitter one whereas when Ωm tends to a non
vanishing onstant, the metri funtions behave as t
2
3γ
as in the absene of any
salar elds. In the other ases, they behave as some powers of the proper time,
the powers beeing some onstants dened as asymptotial limits of some salar
elds funtions summarised in table 2.
ℓφ2 = ℓψ2 = 0 ℓφ1 = ℓφ2 = 0
ℓ2φ1 + ℓ
2
ψ1
E1 : ℓ
2
ψ1
E2 : (ℓψ1 + 2ℓψ2)(3ℓψ1)
−1
Table 2: When the potential desappears and Ωm does not tend to a onstant,
the metri funtions behave as some power laws of the proper time in the neigh-
bourhood of the isotropi state. These powers are summarised in this table for
the orresponding isotropi equilibrium point.
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5 Disussion
After the tedious omputation of previous setions, we now summarize and dis-
uss our results. We have lassied isotropisation proess into three lasses and
looked for neessary onditions allowing for lass 1 isotropisation of Bianhi type
I model when two minimally and massive salar elds with a perfet uid are
onsidered. The lass 1 is suh as all the variables (x, y, z, w) reah equilibrium
with y 6= 0. We have assumed that the potential is positive, the salar eld re-
spets the weak energy ondition and the Universe isotropises suiently fastly
suh as we ould neglet the variation of f(φ, ψ) and (y, z, w, k) in the viinity
of the equilibrium.
The rst neessary onditions we have found for isotropisation stem from the
denition of isotropy: it will only happen for a vanishing shear (x→ 0) and an
eternally expanding Universe (Ω→ −∞), thus implying that an isotropi state
is always stable. Moreover, it will orrespond to late time isotropisation if the
Hamiltonian is initially positive. Two lasses of theories have been examined
depending on the relation between (ω, µ, U) and (φ, ψ). Eah of them has been
studied without or with a perfet uid.
Case A: without a perfet uid
When the perfet uid is not present, we have for lass 1 isotropisation:
Case 1A: ω(φ), µ(ψ) and U(φ, ψ)
A neessary ondition for isotropisation of Bianhi type I model when two
minimally and massive salar elds are present will be that the two quanti-
ties ℓφ1 = φUφU
−1(3 + 2ω)−1/2 and ℓψ1 = ψUψU
−1(3 + 2µ)−1/2 tend to some
onstants suh as ℓ2φ1 + ℓ
2
ψ1
< 3. When isotropisation ours and one of the two
onstants is non vanishing, the power law t(ℓ
2
φ1
+ℓ2ψ1)
−1
is a late time attrator
of the metri funtions and the potential vanishes as t−2. If the two onstants
vanish, the de Sitter Universe represents the late time attrator and the potential
tends to a onstant.
If we put ℓψ1 = 0 stritly, we reover the results got in presene of a single
salar eld without a perfet uid [15℄. Results of ase 1A an be generalised
for n salar elds φi when their assoiated Brans-Dike oupling funtions ωi
respetively depend on only φi (see annexe 1). For that, it is suient to replae
ℓ2φ1 + ℓ
2
ψ1
by
∑
i ℓ
2
i . In the literature, it has been shown that the presene of
multiple salar elds ould help to generate ination: it is the assisted ina-
tion[25℄. Sometimes it is the opposite whih happens: the more salar elds
there are, the less likely the ination ours[25℄. It seems that it is this last be-
haviour whih arises for ase 1A: the more salar elds there are, the more they
ontribute to the denominator of the power law to whih the metri funtions
onverge, and the less likely it will be larger than 1 and produe an aelerated
expansion at late times.
To evaluate the above onditions for a spei theory, we need to know the
asymptoti behaviours for φ and ψ suh as we ould alulate ℓψ1 and ℓψ2 . It
omes:
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asymptoti behaviours of the salar elds for ase 1A
The asymptoti behaviours of the two salar elds when an isotropi state is
reahed are those of the two funtions φ and ψ when Ω→ −∞ dened by:
φ˙ =
2φ2Uφ
(3 + 2ω)U
(45)
ψ˙ =
2ψ2Uψ
(3 + 2µ)U
(46)
Now we summarize our results onerning the seond type of oupling for ω, µ
and U :
Case 2A: ω(φ, ψ), µ(ψ) and U(ψ)
There exists two equilibrium points E1 and E2 whih may orrespond to an
isotropi equilibrium state with two minimally and massive salar elds for the
Bianhi type I model. The neessary onditions to reah equilibrium are ex-
pressed with the two quantities ℓψ1 = ψUψU
−1(3 + 2µ)−1/2 and ℓψ2 = ψωψ(3 +
2ω)−1(3 + 2µ)−1/2:
• For point E1, it is neessary that ℓ2ψ1 < 3 and (3−ℓ2ψ1)Ω−2
∫
ℓψ1ℓψ2dΩ→
−∞. When isotropisation ours and if ℓψ1 tends to a non vanishing on-
stant, t
ℓ−2
ψ1
is the late time attrator of the metri funtions and the poten-
tial vanishes as t−2. If ℓψ1 tends to zero, a de Sitter Universe is the late
time attrator and the potential tends to a onstant. If moreover ℓψ2 di-
verges, an additional ondition for isotropisation is ℓψ2e
2
[
(3−ℓ2ψ1)Ω−2
∫
ℓψ1ℓψ2dΩ
]
→
0.
• For point E2, it is neessary that 0 < 2ℓψ2(ℓψ1 + 2ℓψ2)−1 < 1, ℓψ1 +
2ℓψ2 6= 0 and ℓψ1(ℓψ1 + 2ℓψ2) > 3. When isotropisation ours and if
ℓψ1(ℓψ1+2ℓψ2)
−1
tends to a non vanishing onstant, the late time attrator
of the metri funtions is a power law of the proper time t(ℓψ1+2ℓψ2)(3ℓψ1)
−1
and the potential vanishes as t−2. If ℓψ1(ℓψ1+2ℓψ2)
−1
vanishes, a de Sitter
Universe is the late time attrator and the potential tends to a onstant.
Contrary to what happens with only a single salar eld, there are now two
equilibirum points. The rst one is suh as the metri funtions asymptoti
behaviour only depends on ψ whereas for the seond one, it depends on both
salar elds φ and ψ, the power law exponent being totally dierent from the
previous ase. The salar elds asymptoti behaviours allowing to alulate the
quantities ℓψ1 and ℓψ2 are given in the following way:
asymptoti behaviours of the salar elds for ase 2A
The asymptoti behaviours of the two salar elds when an isotropi state is
reahed are those of the two funtions φ and ψ as Ω→ −∞ dened by:
• for the equilibrium point E1:
φ˙ = 12φ(3 + 2ω)−1/2e(3−ℓ
2
ψ1
)Ω−2
∫
ℓψ1ℓψ2dΩ
(47)
ψ˙ =
2ψ2Uψ
(3 + 2µ)U
(48)
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• for the equilibrium point E2:
φ˙ = −2
√
3
φ
ψ
√
−3U2(3 + 2µ)(3 + 2ω) + ψ2Uψ [U(3 + 2ω)]ψ
[U(3 + 2ω)]ψ
(49)
U(3 + 2ω) = e6(Ω−Ω0) (50)
Let us examine the onnetion between our results and Wald's No Hair
theorem[26℄. The latter states that initially expanding homogeneous models
with a positive osmologial onstant (exept Bianhi type IX) and a stress en-
ergy tensor satisfying the dominant and strong energy onditions, exponentially
evolve to an isotropi de Sitter solution. The behaviour of Bianhi type IX
model is similar if the osmologial onstant is suiently large ompared with
spatial-urvature terms. Assuming that the Universe tends suiently fastly to
its isotropi equilibrium state
1
, Wald's No Hair theorem an be generalised for
the ase 1A to any form of potential and Brans-Dike oupling funtions suh as
ℓφ1 and ℓψ1 tend to zero. For the ase 2A and the equilibrium point E1, only the
vanishing of ℓψ1 is neessary and, for the equilibrium point E2, the vanishing of
ℓψ1(ℓψ1+2ℓψ2)
−1
. For both ases, the potential tends to a onstant, showing the
stability of Wald theorem with respet to the presene of several salar elds.
Note that the relations between Bianhi models and Wald's No Hair theorem
has been explored in the ontext of haoti ination in [27℄.
Case B: with a perfet uid
When we take into aount a perfet uid, we get dierent onditions and met-
ri funtions asymptoti behaviours resulting from lass 1 isotropisation. There
exists two possible equilibrium points respetively orresponding to a vanishing
or non vanishing k or equivalently the perfet uid density parameter Ωm. For
the rst ase, we have:
Case 1B: ω(φ), µ(ψ) and U(φ, ψ).
A neessary ondition for isotropisation of Bianhi type I model when 2 massive
and minimally oupled salar elds with a perfet uid are onsidered and suh
as Ωm → const 6= 0 will be that the quantities ℓφ1 = φUφU−1(3 + 2ω)−1/2 and
ℓψ1 = ψUψU
−1(3+2µ)−1/2 tend to some onstants with ℓ2φ1+ℓ
2
ψ1
> 3/2γ. Then,
when isotropisation ours, the metri funtions will always tend to t
2
3γ
and the
potential will vanish as t−2. When isotropisation arises suh as Ωm → 0, we
reover the results of ase 1A (inluding the salar elds asymptoti behaviours)
but the ondition on ℓ2φ1 + ℓ
2
ψ1
is ast into ℓ2φ1 + ℓ
2
ψ1
< 3/2γ.
Hene, when Ωm → const 6= 0, the metri funtions asymptoti behaviour
is the same as in presene of a single salar eld[16℄. We nd for the salar
elds asymptoti behaviours:
Asymptoti behaviours of the salar elds for ase 1B (k 6= 0)
The asymptoti behaviours of the two salar elds when an isotropi state is
1
i.e. onsidering that the assumptions on f(φ, ψ) and (y, z, w, k) we explained in the setion
3 are heked
21
reahed with Ωm → const 6= 0 are those of the two funtions φ and ψ as
Ω→ −∞ dened by:
φ˙ = 3γ
(3 + 2µ)φ2UUφ
(3 + 2µ)φ2U2φ + (3 + 2ω)ψ
2U2ψ
(51)
ψ˙ = 3γ
(3 + 2ω)φψUUψ
(3 + 2µ)φ2U2φ + (3 + 2ω)ψ
2U2ψ
(52)
If we onsider the seond type of oupling, we get the following results:
Case 2B: ω(φ, ψ), µ(ψ) and U(ψ).
Let be the quantities ℓψ1 = ψUψU
−1(3 + 2µ)−1/2 and ℓψ2 = ψωψ(3 + 2ω)
−1(3 +
2µ)−1/2. Some neessary onditions for isotropisation of Bianhi type I model
when 2 massive and minimally oupled salar elds with a perfet uid are on-
sidered and suh as Ωm → const 6= 0 will be that ℓψ1 tends to a onstant with
ℓ2ψ1 > 3/2γ and (1−γ/2)Ω−γ
∫
ℓψ2ℓ
−1
ψ1dΩ→ −∞ as Ω→ −∞. When isotropi-
sation arises, the metri funtions will always tend to t
2
3γ
and the potential will
vanish as t−2. When isotropisation arises suh as Ωm → 0, we reover the
results of ase 2A (inluding the salar elds asymptoti behaviours) but ne-
essary reality onditions for isotropisation to E1 and E2 equilibrium points are
ast into respetively ℓ2ψ1 < 3/2γ and 1− γ/2 < 2ℓψ2(ℓψ1+2ℓψ2 )−1 < 1.
One again when Ωm → const 6= 0, we reover the same behaviour for the
metri funtions as in the presene of a single salar eld despite the unusual
form of ω. To hek the above limits and inequalities, again we need to know
the salar elds asymptoti behaviours. We have got:
Asymptoti behaviours of the salar elds for ase 2B (k 6= 0)
The asymptoti behaviours of the two salar elds when an isotropi state is
reahed with Ωm → const 6= 0 are those of the two funtions φ and ψ as
Ω→ −∞ dened by:
ψ˙ = 3γ
U
Uψ
(53)
φ˙ =
12φ√
3 + 2ω
e
3
[
(1−γ/2)−γ
∫
ℓψ2ℓ
−1
ψ1
dΩ
]
(54)
6 Appliations
To illustrate our alulation, we look for isotropisation onditions of some im-
portant theories extensively studied in the literature. Remember that we have
assumed a positive potential, the respet of the weak energy ondition and
γ ∈ [1, 2]. Then, in the following appliations, when we will write that isotropi-
sation is impossible, we must keep in mind that it ould be wrong if one of
the above assumptions were violated. These appliations will be illustrated
with numerial simulations done with a Runge-Kutta algorithm (order 5) im-
plemented in java. Java program and its user manual may be downloaded at
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http://luth2.obspm.fr/etu/fay/stephane.html. It allows to integrate any hy-
perextended salar tensor theories (with varying G, ω and U) with a perfet
uid for any lass A Bianhi models written with the Lagrangian or Hamil-
tonian(with the variables of this work) eld equations. The equations system
(24-27) is also implemented and any new equations system or numerial meth-
ods may be easily added and should work with all the odes already written if
user manual reommendations are followed.
6.1 Hybrid ination
In the introdution we have onneted the presene of two salar elds with
higher order theories or hybrid ination. Hybrid ination is studied in [9℄ with
a salar tensor theory dened by:
(3 + 2ω)φ−2 = 2 (55)
(3 + 2µ)ψ−2 = 2 (56)
U = 1/4λ(ψ2 −M2) + 1/2m2φ2 + 1/2λ′φ2ψ2 (57)
m, M , λ and λ′ being some onstants. It thus orresponds to ases 1A and
1B dened above. The same type of theory is also used in [10℄ for similar
reasons and from the point of view of topologial defets. The potential (57)
has the symmetry φ ↔ −φ and ψ ↔ −ψ and is the most general form of a
renormalisable potential with this property, apart from the absene of a λ′′φ4
term. For a at FLRW model, ination stops when the true vauum state,
whih orresponds to a global minimum for the potential with (φ, ψ) = (0,M),
is reahed. When no perfet uid is present, we alulate that ℓφ1 and ℓψ1 are
respetively proportional to φ˙ and ψ˙ and write:
ℓφ1 =
2
√
2φ(m2 + λ′ψ2)
λ(M2 − ψ2)2 + 2φ2(m2 + λ′ψ2) (58)
ℓψ1 =
2
√
2ψ
[
λ′φ2 + λ(ψ2 −M2)]
λ(M2 − ψ2)2 + 2φ2(m2 + λ′ψ2) (59)
Obviously, with (φ, ψ) = (0,M), we have φ→ 0 and M2−ψ2 → 0. Then, if we
assume that the vanishing of φ is slower, faster or of the same order asM2−ψ2,
we respetively nd that ℓφ1 , ℓψ1 or the ouple (ℓφ1 , ℓψ1) diverge. Then it is
the same for the derivatives of the salar elds. The rst graph of gure 11
represents a numerial integration of the salar elds and illustrates this fat.
Consequently, the ouple (φ, ψ) = (0,M) represents an asymptoti state of true
vauum whih an not our with isotropisation of the Bianhi type I model.
Moreover, numerial simulations show that the salar elds are not dened as
Ω → −∞, thus onrming that this theory an not lead to isotropisation of
the Universe. Suh a result is interesting beause early time ination is often
used to solve some problems of the standard big bang model suh as the atness
problem or the isotropy of the osmologial mirowave bakground. However we
see that starting from an anisotropi model, the hybrid ination for the theory
dened by (55-57) is not able to isotropise the Universe.
When a perfet uid is present, numerial simulations (seond and third graphs
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of gure 11) indiate that φ would osillate to 0 whereas ψ would tend to a
onstant M0 dierent from M as Ω → −∞. Thus, the potential tends to a
onstant and not to V −γ . Consequently isotropisation does not our when
k 6= 0. Sine it an not arise either when no perfet uid is present, we onlude
that, even when k → 0, isotropisation does not take plae at late time.
Hene lass 1 isotropisation seems impossible for the theory of this setion.
Numerial simulations for the system (24-27) onrm the result and do not
show lass 2 or 3 isotropisation either.
6.2 High-order theories and ompatiation
Another theory an be dened by the same forms of Brans-Dike oupling fun-
tions but with another form of potential:
U = U0e
−
√
2/3kφe−5
√
3/6kψ(e
√
3/2ψ − 1)m (60)
with k > 0 and m > 02. Suh potentials appear when we ompatify the
spae-time and ast high-order theories of gravity into relativisti forms. Hene
in [7℄, onformal transformations are applied to the theory dened by S =∫
d5x
√
G5(
M3
5
16πR5+αM
−3
5 R
4
5) and lead to the salar tensor theory dened above
with m = 4/3, whereas if we onsider the ation S =
∫
d5x
√
G5(
M3
5
16πR5 +
bM5R
2
5 + cM
−3
5 R
4
5), we get a salar tensor theory with m = 2. These ations
are related to M -theory ompatiation. When no perfet uid is present,
using (45) and (46), we nd that near isotropy:
φ→ −
√
2/3kΩ+ φ0 (61)
−
√
2/3kΩ + φ0 → − 2
√
2
5(5k − 3m){2
√
3m ln
[
e
√
3ψ/2(5k − 3m)− 5k
]
+(5k − 3m)ψ} (62)
Sine we onsider k > 0, ψ does not diverge to −∞ otherwise the left mem-
ber of equation (62) would be omplex. Numerial simulations show that ψ
tends to +∞ when Ω → −∞ and then, we dedue from (62) that ψ →
−(5k − 3m)(2√3)−1Ω. This limit will arise in Ω → −∞ if in the same time
5k−3m > 0. An illustration of the two salar elds asymptotial behaviours has
been plotted on the fourth graph of gure 11. We alulate that the quantities
ℓφ1 and ℓψ1 respetively tend to the onstants −k/
√
3 and (3m − 5k)/(2√6).
The neessary ondition for isotropisation is thus (11k2 − 10km+ 3m2)/8 < 3.
Assuming that (k,m) 6= (0, 0), the late time attrator of the metri funtions
is a power law of the proper time t24[8k
2+(5k−3m)2]−1
. Hene, after some on-
formal transformations, these theories derived from partile physis an lead to
isotropisation of Bianhi type I model as illustrated by gure 6.
When a perfet uid is present, numerial analysis of (52) shows that salar
elds are dened when Ω→ −∞ and ψ may diverge. From the forms of φ˙ and
ψ˙, it is easy to see that ψ an not tend to −∞ for positive k when Ω → −∞.
2
These assumptions allow to simplify the study.
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Figure 6: These gures, with −Ω in absissa, represent suessively the behaviours of
(x, y, z, w, φ, ψ, ℓψ1) for initial ondition (x, y, z, w, φ, ψ) = (−0.49, 0.25,−0.12,−0.15, 0.14, 0.23)
and parameters (U0, k,m) = (3.2, 1.25,−0.36) and a dust uid. Note that ℓφ1 is a onstant
−k/√3 = −0.721688. The last gure shows the vanishing of α, β and γ derivatives with respet to
the proper time as it should be in ase of metri funtions onvergene to a power law of time. If
we take m = −2.36, (11k2 − 10km+ 3m2)/8 > 3 and lass 1 isotropisation does not ours sine x
tends to a non vanishing onstant
When ψ → +∞, it omes ℓ2φ1 + ℓ2ψ1 → (11k2 − 10km + 3m2)/8 and thus this
theory may isotropise to an equilibrium state whose nature depends on the value
of this onstant with respet to 3/2γ. This ase is illustrated on gure 7 where a
numerial integration has been performed with (11k2− 10km+3m2)/8 > 3/2γ.
Numerial integration for the salar elds theoretial asymptotial behaviours
has also been plotted on the fth graph of gure 11. It also produes some so-
lutions for whih ψ vanishes and φ tends to a non vanishing onstant but then,
ℓ2φ1 + ℓ
2
ψ1
diverges and lass 1 isotropisation should not our.
6.3 A ommon quadrati potential for a omplex salar
eld
The theories orresponding to ases 2A and 2B are related to the presene of
omplex salar elds whose Lagrangian is most of times written as[20, 28, 29℄:
L = R+ gµνζ∗,µζ,ν − V (|ζ|2) + Lm (63)
By redening the salar eld ζ as ζ = ψ(
√
2m)e−imφ, it beomes:
L = R+ 1/2gµν(ψ2φ,µφ,ν +m
−2ψ,µψ,ν)− U(ψ2) + Lm (64)
whih orresponds to 3/2 + µ = 1/2m−2ψ2 and 3/2 + ω = 1/2φ2ψ2. Sine
the potential depends on ψ2, its most simple and maybe natural form seems
to be U = ζζ∗ = ψ2. It is often used in the literature for instane for salar
elds quantization in [20℄ or to study the generiity of ination for spatially
losed FLRW models in [29℄. If we suppose that there is no perfet uid, then,
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Figure 7: These gures, with −Ω in absissa, represent suessively the behaviours of
(x, y, z, w, φ, ψ, k, ℓψ1) for initial ondition (x, y, z, w, φ, ψ) = (−0.49, 0.25,−0.12,−0.15, 0.14, 0.23)
and parameters (U0, k,m) = (3.2, 1.25,−2.36) and a dust uid. Note that ℓφ1 is a onstant
−k/√3 = −0.721688. As previously, last gure shows the vanishing of α, β and γ derivatives
with respet to the proper time.
for E1 equilibrium point, we get ψ → ±2m
√
2(Ω− ψ0): it is omplex when
Ω → −∞ whereas, by denition, it should be real. For E2 equilibrium point,
we get ψ → ψ0e3/2Ω whereas now φ tends to a omplex value instead of a
real one. Consequently, for the theory dened by (64) with U = ψ2, lass 1
isotropisation does not our at late times. However, numerial simulations of
equations (24-25) reveal that Universe may ("may" and not "must" sine x→ 0
is a neessary but not suient ondition for isotropisation.) undergoes a lass
3 isotropisation as shows on gure 8 with the harateristis explained at the
beginning of this work.
If now we assume that a perfet uid is present, ψ → e3/2γΩ and ℓψ1 diverges as
e−3/2γΩ: then lass 1 isotropisation is not possible if k 6= 0. However, one again
a lass 3 isotropisation is possible with k osillating to a onstant as plotted on
gure 9. If k → 0, as shown above, lass 1 isotropisation is impossible but not
lass 3.
6.4 Topologial defets
Another type of potential has been used in [21℄ to study the formation of topo-
logial defets after early time ination. Its form is U = λ/2(ψ2 − η2)2, i.e.
the so-alled wine bottle potential, with λ and η some onstants. If we as-
sume that there is no perfet uid, we alulate for E1 equilibrium point that
ψ2 → −η2ProductLog(−η−2e−16m2η−2(Ω−φ0)), φ0 being an integration on-
stant
3
. But this last quantity is negative when Ω → −∞ and then, again,
ψ is asymptotially omplex, whih does not t with its denition as a real
3ProducLog(z) gives the prinipal solution for w in z = wew.
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Figure 8: These gures, with −Ω in absissa, represent suessively the be-
haviours of (x, x˙, y, z, w, φ, ψ, ℓφ2 , ℓψ2) for initial ondition (x, y, z, w, φ, ψ) =
(−0.70, 0.25,−0.12,−0.15, 0.14, 0.23) and parameters m = −2.3. x is the only variable to
reah equilibrium whereas y, z and w osillates more and more as −Ω inreases. The salar elds
undergo damped osillations whereas the osillations for ℓφ2 and ℓψ2 inrease. The last gure
shows the vanishing of α, β and γ derivatives with respet to the proper time as needed for
isotropisation. Note that they osillate.
salar eld. For point E2, we also nd that ψ is omplex as Ω→ −∞ but if the
integration onstant is omplex too. So for both E1 and E2 points, an isotropi
equilibrium state of lass 1 type an not be reahed beause at least one of the
salar elds is omplex at late time.
If now we assume that a perfet uid is present, we have ψ2 → e3/2γ(Ω−Ω0)+η2,
with Ω0 an integration onstant. Hene, ℓψ1 diverges and lass 1 isotropisation
does not our for the same reasons as in the previous appliation.
However, one again, we have observed lass 3 isotropisation with and without
matter. In the rst ase, k tends to a onstant with damped osillations and we
have observed that x but also z and the salar elds ould reah equilibrium.
This is depited on gure 10. The same remarks apply to the seond ase.
Overall the behaviours of the funtions are the same as these shown on gures
8.
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Figure 9: If we take into aount a perfet uid, k may reah a onstant value during isotropisa-
tion.
6.5 Bose-Einstein ondensate
In [22℄, Bose-Einstein ondensate is studied
4
with a potential of the form αψ2+
βψ4. Again, assuming no perfet uid, ψ is omplex for E1 equilibrium point.
Indeed, ψ → [α(2β−1)]1/2 (ProductLog(α−1e1+32m2βα−1(Ω−ψ0))−1)1/2 with ψ0
an integration onstant. Thus, when Ω → −∞, the seond square root is real
only if αβ−1 < 0 but then the rst one is omplex. For E2 equilibrium point,
ψ2 tends to the onstant −αβ−1 with α < 0 and β > 0. In the same time,
φ→ −2(−3βα−1)1/2Ω + φ0, φ0 being an integration onstant. Calulating ℓψ1
and ℓψ2 we get respetively that ℓψ1 diverges and ℓψ2 → ±m
√
−βα−1. Hene,
2ℓψ2(ℓψ1 + 2ℓψ2)
−1 → 0 and y → 0. We ould have a lass 2 isotropisation
although numerial simulations have failed to onrm it.
If now we onsider a perfet uid, we nd ψ2 → −α(2β)−1 ± (2β)−1(α2 +
4βe−3γ(Ω0−Ω))1/2, Ω0 being an integration onstant. Then, ℓψ1 diverges and
an isotropi stable state may be reahed only if k → 0. From what we have
found above, isotropisation ould only our for E2 point. However, sine the
vanishing of k needs 1 − γ/2 < 2ℓψ2(ℓψ1+2ℓψ2 )−1 and the right member of this
inequality is vanishing, we onlude that the theory should not undergo lass 1
isotropisation.
One again numerial simulations show lass 3 isotropisation, with or without
a perfet uid, and with the same behaviours as those shown on gures 8.
We observe that all the theories dealing with omplex salar elds seem to
reah isotropisation via lass 3 mainly, whereas the others may reah it via lass
1.
7 Conlusion
We have studied the isotropisation of the at homogeneous Bianhi type I model
lled with a perfet uid and two real salar elds. This is an important issue
beause, as explained in setion 6, suh theories are used to desribe hybrid in-
ation, ompatiation mehanisms, topologial defets or Bose-Einstein on-
densate whih may be related to primordial Universe. Taking the point of view
that early Universe is anisotropi, the Lagrangian desribing these theories have
to be onstrained to explain why isotropy arises and what looks like the Uni-
verse isotropi state.
To reah this goal, we have made the following assumptions:
• We onsider the salar elds either suh as ω(φ), µ(ψ) and U(φ, ψ) or
4
The Lagrangian is dierent from (63).
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Figure 10: These gures, with −Ω in absissa, represent suessively the be-
haviours of (x, x˙, y˙, z˙, w˙, φ, ψ, ℓφ2 , ℓψ2) for initial ondition (x, y, z, w, φ, ψ) =
(0.49, 0.25,−0.12,−0.15, 0.14, 0.23) and parameters (λ, η) = (0.25, 0.25). x, z and the
salar elds reah equilibrium whereas ℓψ1 undergoes non damped osillations. The last gure
shows the vanishing of α, β and γ derivatives with respet to the proper time.
ω(φ, ψ), µ(ψ) and U(ψ) sine we thus reover a large number of theo-
ries with two real salar elds or one omplex salar eld studied in the
literature.
• The weak energy ondition is satised.
• The potential, whih may be onsidered as a variable osmologial on-
stant, is positive.
• Asymptotially the density parameter of the salar eld should tend to
a non vanishing onstant value and the ratio of its pressure and energy
density to a negative value in aordane with WMAP data.
• The isotropi state is reahed suiently fast.
We have then found some neessary onditions for the Universe isotropisation
under the form of some limits and inequalies expressing with respet to the
funtions ℓφ1 , ℓφ2 , ℓψ1 and ℓψ2 of the salar elds φ and ψ. The natural outome
of the Universe isotropisation may be desribed as
• A De sitter Universe with a non vanishing osmologial onstant
29
• An Einstein - De Sitter Universe (e−Ω → t 23γ ) with a vanishing osmologi-
al onstant(U → t−2) and a non vanishing perfet uid density parameter
Ωm.
• A power law expanding Universe (e−Ω → tm, with m the limit of a deter-
mined funtion of the salar elds) with a vanishing osmologial onstant
(t−2) and a vanishing perfet uid density parameter Ωm.
Note that the potential always tends to a onstant or dereases as t−2, whatever
the forms of ω, µ and U . In this last ase, if the Universe is 15 Gys old, the
osmologial onstant should be 4.96.10−57cm−2 in agreement with super-
novae observations.
When there is no perfet uid and ω(φ), µ(ψ) and U(φ, ψ), the results
generalise those of [15℄, where a single salar eld is onsidered, for any num-
ber of minimally oupled salar elds φi whose assoiated Brans-Dike oupling
funtions ωi only depend on φi: a neessary ondition for isotropisation is that∑
i ℓ
2
φi
tends to a onstant smaller than 3. If the onstant is vanishing, the
Universe tends to a De Sitter model otherwise the metri funtions inrease
as t1/
∑
i
ℓ2φi
. When ω(φ, ψ), µ(ψ) and U(ψ), the results are dierent beause
now the fator in front of the φ eld kineti term ontains the ψ eld. Hene,
we nd two equilibrium points and the power laws representing the asymptoti
behaviours of the metri funtions when isotropisation ours are dierent from
the previous ase or what we had found in [15℄.
Considering a perfet uid modies the neessary onditions for isotropy
even when its density parameter Ωm tends to vanish. However, in this last ase,
the asymptotial behaviours of the metri funtions and potential are the same
as without it whereas if Ωm tends to a nonvanishing onstant, the metri fun-
tions behave as if they were no salar eld at all, i.e as t
2
3γ
. Hene, when Ωφ
and Ωm are asymptotially of the same order, the expansion is deelerated thus
preventing to solve the oinidene problem[4℄.
From an observational point of view, this paper shows that the presene of
several minimally oupled salar elds would not be detetable by dynamial
observations of a nearly isotropi Universe sine the dynamial behaviours of
the metri funtions or potential are of the same nature as in the presene of a
single one, thus showing a degeneray problem.
We have applied our results to several theories and shown, onsidering the
above assumptions, that the model of hybrid ination onsidered in [9℄ does
not lead the Universe to an isotropi state on the ontrary to some theories
oming from ompatiation proess and studied in [7℄. All the theories with
a omplex salar eld and related to salar elds quantization[20℄, topologial
defets[21℄ or Bose-Eisntein ondensate[22℄ do not undergo a lass 1 isotropisa-
tion but a lass 3, showing among others strongly osillating behaviours of one
or two salar elds or even of the perfet uid density parameter.
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Figure 11: Some salar elds numerial integrations for the following applia-
tions of setion 4: hybrid ination (m = 1, M = 1, λ = 1, λ′ = 5, φ(1) = 1,
ψ(1) = 1) without and with a perfet uid, high-order theories (m = 1, k = 2,
φ(1) = −2.5, ψ(1) = 0.70) without and with a perfet uid.
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A Generalisation of ase 1A for n salar elds
If we onsider the presene of n salar elds φn and we use the following vari-
ables:
x = H−1 (65)
y =
√
e−6ΩUH−1 (66)
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zi = pφiφi(3 + 2ωi)
−1/2H−1 (67)
i varying from 1 to n, we get the following rst order equations system from the
Hamiltonian equations:
x˙ = 3R2y2x (68)
y˙ = 3y(2
n∑
i
ℓizi +R
2y2 − 1) (69)
z˙i = y
2R2(3zi − 1/2ℓi) + 12
n∑
j 6=i
ℓijz
2
j − 12
n∑
j 6=i
ℓjizjzi (70)
with ℓi = φiUφiU
−1(3 + 2ωj)−1/2 and ℓij = φiωjφi(3 + 2ωi)
−1/2(3 + 2ωj)−1.
If we assume that eah Brans-Dike oupling funtion ωi only depends on the
salar eld φi as for the ase 1, ℓij = 0 when i 6= j and the equilibrium points
are (x, y, z1, .., zn) = (0,±(3 −
∑n
i=1 ℓ
2
i )
1/2(
√
3R)−1, 1/6ℓ1, .., 1/6ℓn). It is thus
possible to generalise the results of ase 1 by replaing ℓ2φ1 + ℓ
2
ψ1
by
∑n
i=1 ℓ
2
i .
B With a perfet uid
Equilibrium points alulus when ℓφ2 = ℓψ2 = 0
The equilibrium points are dened by the following (x, y, z, w) values:
• E1 = (0, 0, 0, 0)
• E2,3 = (0,±[9(2 − γ)γ − ℓ4φ1 + 12(γ − 1)ℓ2ψ1 − 4ℓ4φ1 + 4ℓ2φ1(3γ − 3 −
2ℓ2ψ1)℄
1/2
[ℓ2φ1+ℓ
2
ψ1℄
−1/2
(2
√
3R)−1, ℓφ1(6−3γ+2ℓ2φ1+2ℓ2ψ1)
[
12(ℓ2φ1 + ℓ
2
ψ1)
]−1
),
ℓψ1(6 − 3γ + 2ℓ2φ1 + 2ℓ2ψ1)
[
12(ℓ2φ1 + ℓ
2
ψ1)
]−1
)
• E4,5 = (0,±1/2
√
3R−1
[
γ(2− γ)(ℓ2φ1 + ℓ2ψ1)−1
]1/2
, 1/4γℓφ1(ℓ
2
φ1 + ℓ
2
ψ1)
−1,
1/4γℓψ1(ℓ
2
φ1 + ℓ
2
ψ1)
−1
E1 may orrespond to a lass 2 isotropisation. For the other equilibrium points,
the onstraint implies k2 → 1 − 3γ
2(ℓ2
φ1
+ℓ2
ψ1
)
that is real and non vanishing if
ℓ2φ1+ℓ
2
ψ1 > 3/2γ. E2,3 points will be real only if ℓ
2
φ1+ℓ
2
ψ1 ∈ [3/2(γ − 2), 3/2γ] but
this ondition is inompatible with above onstraint on k. Consequently they
are eliminated from further onsiderations. E4,5 points are real sine γ ∈ [1, 2[
and thus will be the only one we will onsider.
Equilibrium points alulus when ℓφ1 = ℓφ2 = 0
We nd 11 equilibrium points that we introdue in the onstraint equation
to determine the form for k. They an be divided into 3 groups:
• First group:
The onstraint requires k2 → 1 and then equilibrium points are given by:
32
 E1 = (0, 0, 0, 0)
 E6,7 = (0, 0,±1/8
[
−(γ − 2)2ℓ−2ψ2
]1/2
, 1/8(2− γ)ℓ−2ψ2 )
The E1 point is similar to that of the previous setion and we make the
same remarks. Equilibrium points E6,7 are omplex and thus eliminated
from further onsiderations.
• Seond group:
The onstraint requires k2 → 1 − 3/2γℓ−2ψ1 . Introduing this value in the
equilibrium points, we get:
 E2,3 = (0,±1/2R−1ℓ−1ψ1
√
3γ(2− γ), 0, 1/4γℓ−1ψ1).
 E4,5 = (0,±(2
√
3Rℓψ1)
−1
[
9γ(2− γ) + 12(γ − 1)ℓ2ψ1 − 4ℓ4ψ1
]1/2
, 0,
(12ℓψ1)
−1(6− 3γ + 2ℓ2ψ1))
E2,3 points are real for the onsidered values of γ. E4,5 points are real
if 3/2γ ∈
[
ℓ2ψ1, ℓ
2
ψ1 + 3
]
whih is not ompatible with a real k arising for
3/2γ < ℓ2ψ1. Hene, E4,5 points are eliminated.
• Third group
In this last group, the onstraint requires k = 0 or k → 0. Then equilib-
rium points values and x asymptoti behaviour are the same as in setion
4.1, although isotropisation onditions are modied as shown in subsetion
4.2.3.
It follows that only E2,3 equilibrium points may represent an isotropi stable
state when ℓ2ψ1 > 3/2γ and k is stritly or asymptotially dierent from zero.
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